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A general molecular-based formalism developed rigorously establishes microscopic 
bases of the supercrltical solubility enhancement in terms of well-defined molecular 
correlation function integrals by unambiguously splitting the mixture’s properties 
into short- uinite) and long-range (diverging) contributions. Consequently, the 
short-range nature of the solute’s and solvent’s residual chemical potentials is proved 
and the change of the solvent’s local environment around an infinitely dilute solute 
and its finite contribution to solute mechanical partial molar properties are inter- 
preted in terms of theshort-rangesolute-solvent andsolvent-solvent direct correlation 
function integrals. The solute-induced effect on the system’s microstructure and 
thermodynamics approaches zero as the mixture approaches ideality or the solute 
becomes an ideal gasparticle. A t  the solvent’s critical conditions, the solute-induced 
effect on the solute’s partial molar properties shows no compressibility-driven sin- 
gularity, though along the critical isotherm it can exhibit a finite extremum or a 
change of curvature near critical density, depending on the type and strength of 
solute-solvent interactions. The utility of the proposed solvation formalism is illus- 
trated using statistical mechanical integral equation calculations for  three simple 
models of in finitely dilute near-critical mixtures: pyrene-CO> diterbutyl nitroxide- 
ethane, and Ne-Xe. 

Introduction 
The behavior of infinitely dilute solutes in near-critical sol- 

vents is currently the focus of active research (Johnston and 
Penninger, 1989; Bruno and Ely, 1991; Bright and McNally, 
1992; Kiran and Brennecke, 1993). This is brought about by 
the unique characteristics offered by near-critical fluids to 
achieve specific solvation properties by simply tuning the sys- 
tem’s state conditions (McHugh and Krukonis, 1986). Al- 
though supercritical fluids are successfully applied as solvents 
in a wide variety of separation processes and chemical reac- 
tions, a complete molecular-based understanding of the mech- 
anism underlying the supercritical solubility enhancement is 
still lacking (Bruno and Ely, 1991). 

Most theoretical studies on supercritical solubility enhance- 
ment have focused on relating the solute mechanical partial 
molar properties at infinite dilution, for example, volume and 
enthalpy, to the mixture’s microstructure at conditions close 
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to the solvent’s critical point. A microscopic view has conse- 
quently emerged and evolved (popularly referred to as solvent 
clustering (Kim and Johnston, 1987a), local density augmen- 
tation/depletion (Brennecke et al., 1990b), densification/cav- 
itation (Wu et al., 1992), and molecular charisma (Eckert and 
Knutson, 1993)) in which the near-critical local solvent’s en- 
vironment (microstructure) around the infinitely dilute solute 
appears to be dramatically different from that around the 
solvent molecule. This view has been supported, up to certain 
extent, by experimental (Kim and Johnston, 1987a; Kim and 
Johnston, 1987b; Kajimoto et al., 1988; Brenneckeet al., 1990b; 
Knutson et al., 1992; Sun et al., 1992; Zagrobelny and Bright, 
1992; Carlier and Randolph, 1993; Eckert and Knutson, 1993), 
theoretical (Cochran et al., 1990; Wu et al., 1990; Jonah and 
Cochran, 1993; Pfund and Cochran, 1993; Chialvo, 1993a), 
and simulation (Petsche and Debenedetti, 1989; Cummings et 
al., 1991; Chialvoand Debenedetti, 1992; Cochran et al.. 1992: 
Knutson et al.. 1992: O’Brien et al.. 1993) evidence and has 
been frequently associated with the divergence of the solute 
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partial molar volume (Kim and Johnston, 1987a; Brennecke 
et al., 1990b; Zagrobelny and Bright, 1992). 

Although solute-induced local effects (the solvent’s local 
density changes around the dilute solute) and solvent’s criti- 
cality are not mutually exclusive, they involve two different 
length scales. While the solute-induced local effect on the sys- 
tem’s microstructure is a density perturbation-the result of 
replacing a solvent particle by a solute particle-occurring 
within a few molecular diameters around the solute molecule, 
its effect propagates a distance given by the solvent’s corre- 
lation length which diverges at the solvent’s critical point. 
Controversy and continued debate have originated concerning 
the lack of precision on what is meant by either local or short- 
ranged effect, and consequently, by significant changes in the 
system’s microstructure (Brennecke et al., 1990a; Economou 
and Donohue, 1990; McGuigan and Monson, 1990). In par- 
ticular, on the basis of an integral equation study, McGuigan 
and Monson (1990) concluded that the physical effects asso- 
ciated with the divergence of the solute partial molar volume 
at infinite dilution are due to the development of long-range 
correlations in the solvent and not to drastic changes in the 
local structure about the solute. Economou and Donohue (1990) 
showed that although the large negative partial molar volumes 
of solutes near a solvent critical point are due predominantly 
to long-range mean field effects, short-range phenomena do 
exist and can have an effect on both solubility and partial 
molar volume. However, one question still remains unan- 
swered: Can we separate the solute-induced local effect on the 
system’s microstructure from the solvent’s criticality in a un- 
ambiguous statistical mechanical formalism? 

Attempts have been made to answer that question (Knutson 
et al., 1992; Muiioz and Chimowitz, 1992; Sun et al., 1992; 
Carlier and Randolph, 1993; O’Brien et al., 1993; Tom and 
Debenedetti, 1993) with limited success. One problem has been 
the lack of an appropriate definition of solvent’s local density 
augmentation. For example, the definition introduced by Kim 
and Johnston (1987b) has the unfortunate property of pre- 
dicting the wrong asymptotic behavior for two important lim- 
iting conditions-when the solute particle behaves either as a 
solvent or as an ideal gas particle. They defined the solvent’s 
local density augmentation in terms of the solute-solvent total 
correlation function integral GE as follows: 

by choosing a value of R such that (Mansoori and Ely, 1985) 

where p I2 (R)  is the average solvent’s density in the solute’s 
solvation shell of radius R. 

Another troubling aspect of Eq. 1 is that the requirement 
given by Eq. 2 does not hold for any near-critical mixture. In 

fact, Eq. 2 cannot be satisfied by dilute near critical mixtures 
because their pair distribution functions-g:, ( r )  , g;102 ( r )  , and 
gg (r)-develop long tails which approach asymptotically to 
one either from above or below (Chialvo and Debenedetti, 
1992; Chialvo, 1993a). Consequently, the lefthand side of Eq. 
2 diverges to plus or minus infinity depending on whether the 
mixture is attractive (nonvolatile solute) or repulsive (volatile 
solute), respectively (Debenedetti and Mohamed, 1989; Levelt 
Sengers, 1991a,b). The problems with Eqs. 1-2 imply that the 
conclusion reached by Johnston and collaborators (Kim and 
Johnston, 1986; Johnston and Haynes, 1987; Kim and John- 
ston, 1987b; Johnston et al., 1989a) about the linearity between 
the solvent’s local density change and its isothermal compress- 
ibility is invalid, that is, the solvent’s local density cannot be 
highest at the solvent critical point contrary to what has been 
frequently suggested in literature (Brennecke and Eckert, 1989; 
Flarsheim et al., 1989; Brennecke et al., 1990b; Shaw et al., 
1991; Combes et al., 1992; Roberts et al., 1992; Betts et al., 
1992a,b). Note that there may be some merit to using Eq. 1 
to interpret experimental spectroscopic data when R is iden- 
tified with the range of the spectroscopic probe (Johnston, 
1993). 

Recently reported molecular based calculations of the sol- 
vent’s local density change are based on a slightly different 
expression (Knutson et al., 1992; O’Brien et al., 1993; Tom 
and Debenedetti, 1993), 

where r, is the radius of the solute soft core, that is, the distance 
at which gE(r) becomes nonzero. From our point of view this 
definition of the solvent’s local density suffers from two prob- 
lematic properties. First, Eq. 3 predicts a solute-induced local 
effect on the solvent’s local density even for ideal solutions 
(that is, pure solvent) and ideal gas solutes. For example, when 
the solute molecule becomes identical to a solvent molecule, 
that is, g;102(r) =gyl(r) but plz(R) -p#O, contrary to the phys- 
ical meaning of a solute-induced local effect. This is clearly 
seen in Figure 1 where we plot the density dependence of the 
local to bulkdensityratio(PI2(R)/p) forpureC0,at T,= 1.02. 
Secondly, the radius R of the solvation shell, where the solute- 
induced local effect takes place, is arbitrarily chosen. While 
the second property might be less important provided we keep 
consistency in the comparison, we consider the first property 
more problematic because physically solvent local density aug- 
mentation represents the change of the solvent local density 
due to solute solvation. 

The second obstacle, the lack of a clear definition for the 
short- and the long-range contributions to the solute-induced 
solvent’s buildup (or depletion) around the infinitely dilute 
solute, has hindered attempts to deduce a fundamental con- 
nection between the changes of the solvent’s local environment 
around the dilute solute (solvation) and the behavior of the 
macroscopic properties of the system. In fact, the solvent’s 
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coefficients and the solubility enhancement factor E .  The new 
development is illustrated by using the Ornstein-Zernike in- 
tegral equations (Ornstein and Zernike, 1914) in the Percus- 
Yevick (1958) approximation for three attractive and repulsive 
Lennard-Jones binary mixtures which have been used as sim- 
plified models for three prototypical supercritical fluid mix- 
tures. Finally, we discuss the shortcomings of some earlier 
theoretical developments on solvent local density augmenta- 
tion. 

Fundamentals 
Solute-induced local density effects 

The short-range nature of the solute’s chemical potential at 
infinite dilution was recently studied using integral equation 
calculations in two closely related articles (Muiioz and Chi- 
mowitz, 1992; Tom and Debenedetti, 1993). These authors 

1 .o 

1*2F;?-:. 1 
0.0 0.1 0.2 0.3 0.4 0.5 0.6 

Figure 1. Density dependence of local to bulk density 
ratio of supercritical Lennard-Jones CO, at 
T,= TIT, = 1.02 from integral equation calcu- 
lations according to Eq. 1. 
Curves represent three solvation shells with radius R = 1 .5uAA, 
R=2.0uAA, and R=3.0uAA. 

buildup/depletion inside the solute’s solvation shell of radius 
R in Eq. 3 originates from both short-range direct interactions 
(solute-solvent direct correlations) and long-range indirect in- 
teractions (solute-solvent indirect correlations) even though the 
calculation involves a finite-size solvation shell. Consequently, 
the solvent’s local density calculated by Eq. 3 includes direct 
and indirect interactions, that is, Eq. 3 does not provide a 
clear-cut distinction between the short-range (solvation) and 
the long-range (critical) contributions to the solvent’s density 
change in the solvation shell. 

In this article we study the solvation of an infinitely dilute 
solute in a near-critical solvent. We derive new expressions for 
the calculation of the infinite dilution solute’s and pure sol- 
vent’s chemical potentials in terms of the solute-solvent and 
solvent-solvent direct correlation function integrals. Since the 
direct correlation functions are short-range quantities, we are 
also able to connect rigorously the behavior of the solvent’s 
local environment around the dilute solute with the system’s 
macroscopic properties-the solvation thermodynamics-and 
consequently, to introduce an unambiguous definition of sol- 
ute-induced local effect upon the structure and the thermo- 
dynamic properties of infinitely dilute near-critical fluid 
mixtures. This definition of solute-induced local effect satisfies 
some natural constraints such as giving the correct result in 
the ideal solution and the solute’s ideal gas limiting conditions. 
We argue and prove that the solvent’s local density change 
around an infinitely dilute solute-the solvation process-is a 
short-range phenomenon, and therefore not connected to the 
solvent’s criticality even though it defines the sign of the di- 
vergence of the solute’s partial molar properties. 

In this article we first derive the solvation thermodynamics 
of infinitely dilute solutes in near-critical solvents in terms of 
direct correlation function integrals. We introduce a definition 
of solute-induced local density effect and connect it to the 
density dependence of the ratio of solute to solvent fugacity 

analyzed the spatial dependence of the infinite dilution solute’s 
chemical potential and concluded that this quantity should be 
short-range because more than 99% of the contribution to the 
property comes from the first two-three solvation shells around 
the solute, even at the solvent’s critical point. 

Here we take a more rigorous approach (in that neither 
integral equation approximations nor numerical solutions are 
used or an explicit size for the solvation shells is invoked) to 
show that the chemical potentials of the infinitely dilute solute 
and the pure solvent are short-range quantities. This also allows 
us to analyze the solvation process that takes place when a 
solvent particle is replaced with a solute (even for the case 
where the solute particle differs from the solvent particle by 
the name only, that is, for an ideal solution), in terms of well 
defined short-range quantities which are fundamentally con- 
nected to the system’s macroscopic properties. 

To begin, we write the solute residual chemical potential at 
infinite dilution as follows (Model1 and Reid, 1983), 

where d2 is the solute’s fugacity coefficient, superscripts r and 
co denote residual and infinite dilution quantities at the in- 
dicated state conditions, respectively, k is the Boltzmann con- 
stant, P - ’ = k T ,  T is the absolute temperature, and K is the 
isothermal compressibility. Here we have invoked the follow- 
ing identity (Debenedetti and Mohamed, 1989), 

Then, by recalling that (O’ConneIl, 1972; Eckert et al., 1986; 
Chialvo, 1993a): 

1560 September 1994 Vol. 40, No. 9 AlChE Journal 



and substituting it in Eq. 4 we obtain: 
AJ = ( (g,, - c, - 1 ) d r  = GI, - p - 'CIJ 

(7) where G, is the total correlation function integral (Kirkwood 
and Buff, 1951), 

p i ( r ,  P ) =  - - b - ! [  J:') ..*+In()] P 

where C,, is the direct correlation function integral (O'Connell, 
1971, 1990) 

C,, = p c,dr = p f ,  (0) (8) s 
and f , , (k)  is the Fourier transform of the direct ij-pair cor- 
relation function. 

Similarly, the chemical potential of the pure solvent can be 
written as: 

where the superscript O denotes a pure component property. 
Therefore, from Eqs. 7 and 9 it follows that (Chialvo, 1991) 

where H2 and,fF are the Henry constant of component 2 and 
the fugacity of pure component 1 ,  respectively. Because Eqs. 
7-9 involve direct correlation function integrals which remain 
finite even at the solvent's critical point (Levelt Sengers, 1991), 
the chemical potentials and their difference, Eq. 10, become 
short-range quantities. Some properties of direct correlation 
functions both near and away from the solvent critical point 
are discussed in Appendix E. 

Note that Eq. 10 represents the change of free energy in the 
solvation process that takes place when a solvent particle is 
switched to a solute one, and so it is directly connected to the 
solute's solubility enhancement, E= l/+T, as we will show 
later. Therefore, it might be revealing to derive the expressions 
for the short- and long-range contributions to the residual 
partial molar properties of a solute at infinite dilution in a 
near-critical solvent because it will allow us to discriminate the 
solvation process from the critical phenomenon. To do so we 
start with the rigorous fluctuation formalism of Kirkwood and 
Buff (1951) and O'Connell(l971, 1990). Specifically, we relate 
the solute partial molar volume at infinite dilution 5: to the 
solvent-solvent and solute-solvent total correlation function 
integrals GP, and GP",, as follows: 

where p is the system's density, and the superscripts and 00 
denote pure component and infinite dilution properties, re- 
spectively. Now, by invoking the definition of total g 1 2 ( r )  and 
direct c I 2 ( r )  correlation functions (McQuarrie, 1976), we de- 
fine the indirect correlation function integral as: 

G,= ( g , J -  l ) d r=6 , (0 )  (13) s 
C, is given by Eq. 8, and h;,(k) is the Fourier transform of 
the total ij-pair correlation function. Thus, the solute partial 
molar volume at infinite dilution can be recast as (see Appendix 
A): 

where SR and LR denote short- and long-range contributions 
to the properties based on the fact that the direct correlation 
function integrals C, remain finite whereas K diverges at the 
solvent's critical point (Levelt Sengers, 1991). Note that this 
splitting between short- and long-range contributions to 5: 
will allow us to define not only the region where the solvent's 
local density effect occurs, but also its precise contribution to 
u r .  Note also that, because Cyl and c;", must be finite (O'Con- 
nell, 1990; Levelt Sengers, 1991), Eq. 12 ascribes the divergence 
of G,, to ZIJ, that is: 

- 

= KCPI( CP, - cg )p -  ' (15) 

Alternatively, we can express 57 ( S R )  and 5: ( L R )  in terms 
of macroscopic properties. By recalling that (Levelt Sengers, 
1991): 

we have, from Eq. 14, that 

and 

Therefore, by recalling Eqs. 10 and 16 the solvent's local 
density change-solute-induced local effect-due to the intro- 
duction of an infinite dilute solute in an otherwise pure solvent 
becomes: 
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so that Eq. 10 also reads: 

-5.0- 

-10.0 - 

-1 5.0 - 

-20.0 

The corresponding expressions for the enthalpy and the en- 
tropy are given by: 

0 Monte Carlo 

PY (eq. 9) - 
A Monte Carlo 

I . , . , .  and 

acp, acp, 
- T-l jo  (w-w)p f 

and are derived in the Appendix B. Note that from Eqs. 10, 
21, and 22 we also have: 

where the asterisks indicate that the residual properties are 
defined at constant density and temperature (as opposed to 
pressure and temperature). This expression also indicates that 
we can define the entire solvation process without even wor- 
rying about long-range solute-solvent and solvent-solvent cor- 
relations around the solvent's critical point. 

Integral equation calculations 
In this section we present results of the solvation thermo- 

dynamics for three near-critical Lennard-Jones binary mix- 
tures. Here we use the Ornstein-Zernike integral equations in 
the Percus-Yevick approximation to determine the pair cor- 
relation functions, their integrals, and the thermodynamic 
properties according to the approach proposed by McGuigan 
and Monson (1990). This approach is an attractive alternative 
to molecular based simulation, specially for dilute near-critical 
mixtures for which total correlation functions are long-range. 
The accurate determination of these correlation functions is 
extremely expensive in terms of current standards of super- 
computing resources (Cummings et al., 1991; Chialvo and 
Debenedetti, 1992). 

For the limited set of thermodynamic properties studied by 
them, McGuigan and Monson were able to calculate the ther- 
modynamic properties directly without integration over the 
density (McGuigan and Monson, 1990). For example, they did 
not calculate either chemical potentials (Eqs. 7 and 9) or sol- 
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Figure 2. Density dependence of residual chemical PO. 
tentials of solvent P : ~ (  T, p )  and infinitely dilute 
solute p;'"(T, p )  for Lennard-Jones mixtures at 

(AA = solvent-solvent, AB= solute-solvent). 
kTltu= 1.5witht~, I~u= 1.5anduA,li~u= 1.518 

Circles and triangles are solvent's and solute's chemical potentials 
from test particle Monte Carlo simulations, respectively. Lines 
are corresponding PY predictions according to Eqs. 7 and 9. All 
quantities are reduced in terms of solvent's Lennard-Jones pa- 
rameters. 

Ute's partial molar enthalpy (Eq. B6). In order to check the 
accuracy of our numerical integration over density, we first 
perform several calculations and compare with simulation re- 
sults. In Figure 2 we compare the density dependence of the 
chemical potentials of the solvent and the infinitely dilute solute 
for Lennard-Jones binary mixtures from simulation (Shing et 
al., 1988) and integral equation calculations. The PY results 
for the chemical potentials are in very good agreement with 
test's particle calculations. Note that the chemical potentials 
in Figure 2 are the residual values at the prevailing density 
instead of pressure, that is, they are given by the first terms 
of Eq. 7-pZirm ( T,  p)-and Eq. 9-p;" ( T,  p) .  With respect 
to the solute's partial molar volume and enthalpy at infinite 
dilution, according to Figure 3,  the agreement is as good as 
we can expect considering that the error bars in the simulation 
results are greater as a result of the hybrid method of calcu- 
lation used (Shing and Chung, 1989). 

In what follows we analyze the solute-induced local effects 
on the microstructure and the thermodynamic properties of 
three Lennard-Jones near-critical mixtures which have been 
studied previously by molecular dynamics simulation as simple 
models for the following systems: the infinitely dilute pyrene 
in near-critical carbon dioxide (Chialvo and Debenedetti, 1992; 
Knutson et al., 1992), the infinitely dilute di-ter-butylnitroxide 
(DTBN) in near-critical ethane (O'Brien et al., 1993), and the 
infinitely dilute neon in near-critical xenon (Petsche and De- 
benedetti, 1989; Chialvo and Debenedetti, 1992). According 
to the classification of Debenedetti and Mohamed (1989), these 
mixtures are usually referred to as attractive and repulsive 
systems, which in macroscopic terms means either a nonvolatile 
[(W/ax,): T<O] or a volatile solute [(dP/ax,): r>O], re- 
spectively (Levelt Sengers, 1991). For the sake of comparison 
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Figure 3. Density dependence of solute’s partial molar 
volume and residual partial molar enthalpy at 
infinite dilution for Lennard-Jones mixtures at 

(AA = solvent-solvent and AB = solute-sol- 
vent). 

kTltM= 1.5with~~g/t~=1.5andaA,/aM=1.518 

Comparison between Monte Carlo simulations (symbols) and PY 
predictions (lines) according to Eqs. 11 and 85, respectively. All 
quantities are reduced in terms of solvent’s Lennard-Jones pa- 
rameters. 

we have studied the density dependence (0.05 spd 5 0.5) of 
the microscopic and macroscopic properties of these three sys- 
tems at the same T,= T/T,, = 1.02. 

Attractive systems 
Here we study the solvation of infinitely dilute pyrene and 

DTBN in C02 and ethane, respectively, modeled as Lennard- 
Jones mixtures of spheres with potential parameters given in 
Tables 1 and 2. Note that while the Lennard-Jones parameters 
for the pyrene-C02 interactions are given by the Lorentz-Ber- 
thelot combining rules, the corresponding parameters for the 
DTBN-ethane interactions are given by the Berthelot combin- 
ing rule alone, that is, both unlike pair potential parameters 
are given by the geometric mean. 

Results in Figures 4 and 5 confirm unambiguously that both 
mixtures involve attractive solute-solvent interactions, that is, 
(aP/ax2)? T <  0 and CE > 1, the pyrene-CO, system being more 
attractive than the DTBN-ethane one as we would expect ac- 
cording to t he relative sizes of the corresponding Lennard- 
Jones parameters. This is also clearly reflected in the sign 
(negative) of the corresponding solute’s partial molar volumes 
(Figure 6) ,  solute’s residual partial molar enthalpy (Figure 7), 
and solute’s residual chemical potentials (Figure 8). 

In Figures 9 and 10 we compare the density dependence for 

Table 1. Lennard-Jones Parameters for the Model System 
Pyrene-C02 

Pyrene(2)-C02( 1)  ‘!JIk (K) 

Solvent-solvent 3.794 225.3 

Solute-solvent 5.467 386.4 

Solute-solute 7.140 662.8 

Table 2. Lennard-Jones Parameters for the Model System 
DTBN-Ethane 

Solvent-solvent 5.22 194.39 

Solute-solvent 6.89 291.01 

Solute-solute 9.09 435.63 

-0- Pyrene-carbon dioxide 

-1 .o 

-5.0 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 

Figure 4. Comparison between density dependences of 
(dPIdx):, for attractive Lennard-Jones py- 
rene(2)-C02(l) and DTBN(2)-ethane(l) systems 
at T,= TITc= 1.02 from PY calculations. 
All quantities are reduced in terms of solvent’s L.ennard-Jones 
parameters. 

12.0 

10.0 

2.0 
4 DTBN-ethane 

,.,.,.,.I. 0.0 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 

PO?, 

Figure 5. Comparison between density dependences of 
G2 for attractive Lennard-Jones pyrene(2)- 
C02(l) and DTBN(2)-ethane(l) systems at T, = TI 
Tc= 1.02 from PY calculations. 
All quantities are reduced in terms of solvent’s Lennard-Jones 
parameters. 
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-0- Pyrene-carbon dioxide 
-b- DTBN-ethane 

400.0 

-5.0 - 

-1 0.0 - 
H N  
=L 

-1 5.0 - 

-20.0 - 

-1000.0 1 1  
0.0 0.1 0.2 0.3 0.4 0.5 0.6 

Figure 6. Comparison between density dependences of 
for attractive Lennard-Jones pyrene(2)- 

CO,(I) and DTBN(2)-ethane(l) systems at T, = TI 
T,= 1.02 from PY calculations. 
All quantities are reduced in terms of solvent’s Lennard-Jones 
parameters. 

the short-range contribution to the solute’s partial molar vol- 
ume ijr (SR) and residual enthalpy h? ( S R ) ,  respectively. For 
both mixtures the density dependence of ij? ( S R )  shows a min- 
imum at pa: < p c d  = 0.28, ijy ( S R )  being more negative for the 
- pyrene-C02 system. However, the density dependencies of 
&” (SR), the solute-induced local effect on the solvent’s local 
density [Z?( SR)  - ugT,p (Figure 11) and residual enthalpy [s” ( S R )  - h;0]7,P (Figure 12) show only a change of curvature 
around pd<pcd=0 .28 .  

Note also that even though p;m presents a moderate density 

H, 
IL:  

U Pyrene-carbon dioxide 

DTBN-ethane 

-450.0 , ‘ I ,  

0.0 0.1 0.2 0.3 0.4 0.5 0.6 

p 4 
Figure 7. - Comparison between density dependences of 

h; for attractive Lennard-Jones pyrene(2)- 
CO,(I) and DTBN(2)-ethane(l) systems at T,= TI 
T, = 1.02 from PY calculations. 
All quantities are reduced in terms of solvent’s Lennard-Jones 
parameters. 
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0.0 

-0- Pvrene-carbon dioxide -0- Pyrene-carbon dioxide 
4 DTBN-ethane 

-25.0 2- 
0.0 0.1 0.2 0.3 0.4 0.5 0.6 

Figure 8. Comparison between density dependences of 
pirn for attractive Lennard-Jones pyrene(2)- 
CO,(l) and DTBN(2)-ethane(l) systems at T, = TI 
T,= 1.02 from PY calculations. 
All quantities are reduced in terms of solvent’s Lennard-Jones 
parameters. 

dependence (it changes by a factor of 2-3 for 0.05 s p a :  ~ 0 . 5 ) ,  
4; (Figure 13) shows extreme sensitivity to density, exhibiting 
a 3-6 orders of magnitude change in the same density range. 

Repulsive system 
Here we study the solvation of infinitely dilute neon in xenon 

with Lennard-Jones parameters given in Table 3.  The solute- 

h a 
v) 

8 c u  
I> 

Y 

0.0 

-1 0.0 - 

-20.0 - 

-30.0 - 

U Pyrene-carbon dioxide 

+ DTBN-ethane 

-40.0 

-50.0 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 

4, 
Figure 9. Comparison between density dependences of 

-e(SR) for attractive Lennard-Jones pyrene(2)- 
CO,(l) and DTBN(2)-ethane(l) systems at T,= TI 
T, = 1.02 from PY calculations. 
All quantities are reduced in terms of solvent’s Lennard-Jones 
parameters. 

Vol. 40, No. 9 AIChE Journal 



Table 3. Lennard-Jones Parameters for the System Ne-Xe 

-10.0- 

-20.0 - 

-30.0 - 

-40.0 - 

Solvent-solvent 4.047 231.0 

-20.0 - 

-40.0 - 

-60.0 - 

-80.0 - 

Solut e-solvent 3.433 87.0 

Solute-solute 2.820 32.8 
- 

solvent Lennard-Jones parameters are given by the Lorentz- 
Berthelot combining rules. 

In Figure 14 we corroborate the repulsive nature of this 
mixture, that is, (aP/ax2)T ,>O and G2,<O. Additional evi- 
dence of that behavior is given by the sign (positive) of the 
corresponding solute’s partial molar volume (Figure 1 9 ,  re- 
sidual partial molar enthalpy (Figure 16), and residual chemical 
potential (Figure 17). 

and q2 for the 
repulsive mixture in contrast to the corresponding behavior of 
the attractive mixtures do not show any extrema. Similar be- 
havior is observed in the density dependence for the short- 
range contribution to the solute’s partial molar volume iif ( S R )  
and enthalpy j ; ,”(SR),  as well as for the solute-induced local 
effects on the solvent’s local density [ijf ( S R )  - oaT, and en- 
thalpy [h;”(SR) - h ; O ] , .  (Figure 18). The absence of an ex- 
tremum in the density dependence of ( aP/ax2) :,and q2 could 
not necessarily be a general rule for repulsive systems. The 
rationale is the following. Since Cyl shows a maximum at the 
solvent’s critical point (Cyl = 1 when K-w), then q2 for an 
ideal solution will also show a maximum because for an ideal 
solution we have q2= Cy,. An ideal solution is one in which 
the solute’s and solvent’s potential parameters are identical 
and the “mixture” is at the border between attractive and 
weakly-attractive in the sense of Debenedetti and Mohamed’s 
(1989) classification. As the solute-solvent asymmetry grows, 

The density dependences of‘ (aP/ax2): 

h a 

H N  
cn 

I =  

Y 
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p0:1 
Figure 10. Comparison between density dependences 

of -p(SR) for attractive Lennard-Jones py- 
rene(2)-C02(1) and DTBN(2)-ethane(1) sys- 
tems at T,= TI T,= 1.02 from PY calculations. 
All quantities are reduced in terms of solvent’s Lennard-Jones 
parameters. 
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d Pvrene-carbon dioxide 

-50.0 1 
0.0 0.1 0.2 0.3 0.4 0.5 0.6 

Figure 11. Comparison between density dependences 
of [%(SF?) - v;) ]T,p for attractive Lennard- 
Jones pyrene(2)-C02(1) and DTBN(2)- 
ethane(1) systems at T, = T/ T, = 1.02 from PY 
calculations. 
All quantities are reduced in terms of solvent’s Lennard-Jones 
parameters. 

the density at which q2 shows a maximum changes as shown 
in Figure 19 for three very special types of Lennard-Jones 
mixtures; (uz/ul) = 1, (e2/el) = 1, and (e2/e1) = (u2/uI) under Lor- 
entz-Berthelot combining rules. For the case of repulsive mix- 
tures q2 can show a minimum around the solvent’s critical 
point according to the prediction of Eqs. DS-D8. though we 
were not able to confirm it by PY calculations. 

0.0 

-20.0 
t 
3 

2, 
1, -40.0 
a 

C N  
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Figure 12. Comparison between density dependences 
of [@‘(SR)-&qT, for attractive Lennard- 
Jones pyrene(2)-C02(1) and DTBN(2)- 
ethane(1) systems at T,= T/T,= 1.02 from PY 
calculations. 
All quantities are reduced in terms of solvent’s Lennard-Jones 
parameters. 
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0.0 0.1 0.2 0.3 0.4 0.5 0.6 

Figure 13. Comparison between density dependences 
of 4; for attractive Lennard-Jones pyrene(2)- 
CO,(l) and DTBN(2)-ethane(1) systems at 
T,= T/T,= 1.02 from PY calculations. 
All quantities are reduced in terms of solvent’s Lennard-Jones 
parameters. 

Note also that, in contrast to the observed extreme sensitivity 
of 4T to density in attractive mixtures, this repulsive system 
presents a moderate density dependence (Figure 17)--c(;” and 
4: change by a factor of 5 in the interval 0.051p4:0.5. 

Discussion and Conclusions 
In this article we developed a general and rigorous molecular- 

based formalism to establish the microscopic bases of the su- 
percritical solubility enhancement/depletion in terms of mo- 
lecular direct correlation function integrals. The strength of 

8 0 1  
I >  

0.0 0.1 0.2 0.3 0.4 0.5 0.6 

Figure 15. Density dependences of q’ and T(SR) for 
repulsive Lennard-Jones Ne(2)-Xe(l) system 
at T, = T/  T, = 1.02 from PY calculations. 
All quantities are reduced in terms of solvent’s Lennard-Jones 
parameters. 

8 
IC 
L 0 I  

this approach is the unambiguous separation between direct 
and indirect molecular correlations functions according to the 
Ornstein-Zernike equation, a concept that does not rely on 
any explicit choice for the size of the solute’s solvation shell. 
Therefore, the formalism provides not only a natural splitting 
between short-(finite) and long-range (diverging) contributions 
to the mixture’s properties, but also a proof of the short-range 
nature of the solute’s and solvent’s reduced chemical poten- 
tials, as well as for the change of the solvent’s local environment 
around an infinitely dilute solute (solute-induced effect) and 

- 1 . 2 B : : :  -1.4 0.0 0.1 0.2 0.3 0 .4  0.5 0.6 

Po; 

Figure 14. Density dependence of (dP/dx)TTand C’$ for 
repulsive Lennard-Jones Ne(2)-Xe(l) system 
at T,= TI Tc = 1.02 from PY calculations. 
All quantities are reduced in terms of solvent’s Lennard-Jones 
parameters. 
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Figure 16. Density dependences of gm and %“(SR) for 
repulsive Lennard-Jones Ne(2)-Xe(l) system 
at T, = TIT, = 1.02 from PY calculations. 
All quantities are reduced in terms of solvent’s Lennard-Jones 
parameters. 
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with Y;deal gas=Py/P, where P?, V;, and +?‘ are the vapor 
pressure, molar volume, and fugacity coefficient of the pure 

10’ connection between the solute-induced local effect on the sys- 
tem’s microstructure and the solute’s infinite dilution to pure 
solvent fugacity coefficients-the key player in the solubility 
enhancement/depletion of dilute solutes in near-critical sol- 
vents. In fact, we can make such a connection more evident 
by considering the case of an incompressible pure nonvolatile 
phase in equilibrium with a near-critical solvent. For such a 
case the solubility equation reads (Modell and Reid, 1983): 

8~ 
8 

P4g2=fs=4YP;at exp[p&(P-P?)] (25) 

and the solubility enhancement factor is (Paulaitis et al., 1983): 

100 E i  (x2/Y;”’ gas) = (4~‘ /42 )exp[pV; (P-~‘ ) ]  (26) 

Figure 17. Density dependence of and 4; for repul- 
sive Lennard-Jones Ne(P).Xe(l) system at 
T,= T/ T, = 1.02 from PY calculations. 

solute in the condensed phase at the prevailing state conditions, 
respectively. After some algebra the enhancement factor can 
be finally recast as follows (see Appendix C): 

All quantities are reduced in terms of solvent’s Lennard-Jones 
parameters. 

its finite contribution to the solute mechanical partial molar 
properties. 

In addition, from Eqs. 10, 16, and 19 we find that the solute- 
induced local effect can be recast as: 

where 47 is the fugacity coefficient of the pure solvent. Equa- 
tion 24 is a revealing expression because it indicates the direct 

t - 
0 -  > 

I 
h a 
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4 
Figure 18. Density dependence of rv(SR)- fir, and 

[@‘(SR) - WIT, for repulsive Lennard-Jones 
Ne(2).Xe(l) system at T, = TI 2, = 1.02 from PY 
calculations. 
All quantities are reduced in terms of solvent’s Lennard-Jones 
parameters. 

an expression that indicates the fundamental link between the 
solubility enhancement/depletion (decreasehcrease in 4; ( T, 
P) ) and the strength of the solute-solvent and solvent-solvent 
direct correlation functions (microstructure). Note also that 
Eq. 27 involves only short-range quantities, therefore the in- 
crease in the solubility enhancement for attractive mixtures 
cannot be ascribed to the corresponding long-range increase 
in I’=pG;”, as some have proposed (Lee et al., 1991). Note, 
however, that in the near-critical supercritical region, small 

I + sigma ratio=l 1 
epsilon ratio=l 

---t sigma ratio=epsilon ratio 
h 
X 

Y E* 
$! 0.4 

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 

solute-solvent parameter ratio 

Figure 19. Location of maximum in density dependence 
of G2 for three types of Lennard-Jones mix. 
tures at T,= T/T,=l.O from PY calculations. 
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changes in the system pressure result in large changes in the 
solvent density (and thus the limits of integration in Eq. 27, 
including the exponentiated term). Hence, Eq. 27 illustrates 
mathematically one of the advantages of near-critical condi- 
tions: the solvation properties of the solvent can be modified 
significantly (and thus “tuned”) through small changes in pres- 
sure. 

The interpretation of the solute-induced effect on the sol- 
vent’s local properties given by Eqs. 19-22 follows automat- 
ically from the rigorous statistical mechanical formalism of 
Kirkwood and Buff (1951). Consequently, it results in the 
correct limiting values of the solute-induced effect for both 
ideal gas solutes and ideal solutions. These two limiting con- 
ditions are not satisfied by Eqs. 1 and 3, and therefore, we 
understand that they may not capture properly the physics 
behind the observed solvent’s local density augmentation. In 
fact, our understanding is that the electron paramagnetic res- 
onance (Carlier and Randolph, 1993) and the fluorescent 
(Brennecke et al., 1990b; Knutson et al., 1992) spectroscopic 
devices detect changes of signals connected to the perturbation 
of the solvent’s local density due to the presence of the solute. 
Hence, a more appropriate expression for the calculation of 
the solvent’s local density augmentation/depletion-even 
though R is still arbitrarily chosen-should read: 

where pl,  ( R )  is the average solvent’s density in the solvent’s 
solvation shell with a radius R ,  and r, is the radius at which 
the difference g; ( r )  - g:, ( r )  becomes nonzero. 

In Figure 20 we plot (p12(R)  -pI1  ( R ) / p ) ,  the normalized 
values of the lefthand side of Eq. 27 predicted by the integral 
equations in the PY approximation for the pyrene(2)-C02( 1) 
system at T,= 1.02. Even though (p,, ( R ) / p )  contributes sub- 
stantially to the total solvent’s local to bulk density ratio, it 
does not change the position of the maximum in the density 
dependence of ( p I 2 ( R )  - p I 1  ( R ) / p ) .  Interestingly, the location 
of the maximum in the local density augmentation predicted 
by either Eq. 3 or 28 appears to coincide with that at which 
c;D, and CT (SR) show extrema (see Figures 5 and 9). 

The derived solvation formalism also indicates that the near- 
critical solubility enhancement/depletion of dilute solutes can- 
not be ascribed to a long-range (compressibility-driven) sol- 
vent’s local density augmentation/depletion around the solute 
but to the short-range (local) solute-induced effect on the mi- 
crostructure of the solvent (solvation) due to the pronounced 
solute-solvent molecular asymmetry. In fact, the relative (to 
solvent-solvent) size of the solute-solvent RDF’s (radial dis- 
tribution function) first peak is an indication of the substantial 
solvent’s local density augmentation/depletion resulting from 
the marked solute-solvent asymmetry. This is readily under- 
stood by recalling that the first peak of the RDF corresponds 
to the attractive potential well, and that at low density gl,(r, 
p - 0) G exp( - flu, ( r )  ) . Thus, for any Lennard- Jones system 
at low density we must expect that (McQuarrie, 1976): 
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Figure 20. Comparison between density dependence of 
local to bulk density ratio for attractive Len- 
nard-Jones pyrene(2)-C02(1) system at T, = T/  
T,= 1.02 from PY calculations. 
Three sets of curves correspond to total, solvent, and relative 
contributions to solvent’s local density augmentation for three 
solvation shells. 

For example, the solute-solvent to solvent-solvent RDF ratios 
for pyrene(2)-C02(1) and Ne(2)-Xe( 1) at Tr = 1.02 are 1.7 and 
0.63 at zero density using Eq. 28, while the corresponding PY- 
values at T,= 1.02 and p,= 1.0 are 1.6 and 0.67, respectively. 
Therefore, the change in the solvent’s local environment around 
the dilute solute cannot be interpreted either as a solvent con- 
densation (Kim et al., 1985) or collapse (Brennecke and Eckert, 
1989), but as the rearrangement of the solvent’s microstructure 
around the dilute solute (that is, a solvation phenomenon). In 
addition, the observed weak isothermal density dependence 
for the solute’s chemical potential p;”(p), and simultaneously, 
the strong isothermal density dependence for the solute’s fu- 
gacity coefficient &’@) are just the result of the exponential 
dependence of +?(p) with the integral over the local micro- 
structure (Appendix C). 

exp (- G $) 

Finally, we use the formalism to guide the interpretation and 
modeling of experimental data of dilute near-critical systems 
(Chialvo, 1993a). For example, the expressions ( ~ C ? / K )  and 
( f i ? / p ~ ) ,  or the related quantity (W/aN,)?  T ,  N,, are usually 
the target for modeling since they remain finite even at the 
solvent’s critical point (Kim et al., 1985; Eckert et al., 1986; 
Kumar and Johnston, 1988). Recently, Kumar and Johnston 
(1988) proposed two alternative expressions for ( ~ C ? / K )  and 
( f i ? / p ~ )  along the critical isotherm and in the vicinity of the 
critical isochor, based on the classical Taylor series expansion 
of the pressure around the solvent’s critical point (Levelt Sen- 
gers, 1991). They assumed that either (@U?/K)  and ( @ i j ? / p ~ )  

could be taken as density independent, an assumption that was 
indirectly supported by the prediction of a quasi-linear density 
dependence for the function \ k y =  ( P P / p ) + ?  (in h - l o g  C O -  

ordinates) using the Peng-Robinson EOS. 
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Figure 21. Density dependence of WVIK) and Wiglp~) for 
attractive Lennard-Jones pyrene(2)-C02(1) 
system at T,= TIT,=l.O from PY calcula- 
tions. 

Our results of Figure 21 suggest that the assumption made 
by Kumar and Johnston does not hold in the vicinity of the 
solvent critical point, that is, neither ( / ~ E ? / K )  nor ( / 3 E t / p ~ )  or 
(aP/aN2):, y, can be assumed to  be density independent 
along the critical isotherm and in the vicinity of the solvent’s 
critical point. In fact, it can be shown (see Appendix D) that 
the conditions invoked by Kumar and Johnston to  assume 
density independency for either  fit/^) or ( f i ? / p ~ )  (see their 
Eqs. 13 and 14) are actually the necessary conditions for ex- 
trema in those functions. Moreover, the fact that the function 
In *? shows a quasi-linear dependence with the logarithm of 
the system’s density around the solvent’s critical point does 
not necessarily imply that either ( f i?/~) or ( / 3 i j T / p ~ )  must be 
density independent (though the inverse is valid). Note also 
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Figure 22. Density dependence of In *; for the attrac. 

tive Lennard-Jones pyrene(2)-C02(1) system 
at T,= TIT,= 1.0 from PY calculations. 
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that the mentioned linearity has not been derived but observed 
through EOS calculations using some ad hoc mixing rules 
(usually a vdW1-type) which are not compatible with the mi- 
crostructure of these near-critical mixtures (Chialvo, 1993a). 
In fact, even a simple system like a Lennard-Jones mixture of 
spheres along the solvent’s critical isotherm shows (&/K) and 
( m ? / p ~ )  with strong density dependencies around the solvent’s 
critical point (Figure 21). In contrast, In *? presents a quasi- 
linear dependence with In(p/pc) as shown in Figure 22. 
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Appendix A: Derivation of Eq. 15 
Starting from Eq. 14 and recalling Eq. 6 we have that: 

which can be recast as follows: 

by invoking the compressibility expression: 

Appendix B: Derivation of Eqs. 21-22 
The residual solute partial molar enthalpy Gm( T,  P )  is 

straightforwardly derived from Eq. 7. To do  so we recall that 
(Modell and Reid, 1983): 

and (Modell and Reid, 1983): 

From Eqs. 4-7 we have: 

with 

Thus, from Eqs. 7 and B2-B4 we have: 

and, after invoking Eq. 14, Eq. B5 becomes: 

Likewise, the solvent’s residual molar enthalpy becomes: 

and the solute-induced local enthalpy effect is: 

(B8) 
which is Eq. 21. 

from Eqs. B5 and 7: 
Finally, the residual solute partial molar entropy is obtained 

= [@ ( T, P) - pza ( T, P ) ]  T-  ’ 
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Similarly, from Eqs. 9 and B7 the solvent's residual molar 
entropy becomes: 

In addition, by recalling the microscopic interpretation of the 
isothermal compressibility we can write (O'Connell, 1981): 

and finally, from Eqs. C3 and C4: 

so that the solute-induced local entropic effect is: 

Appendix D 

energy A ( u ,  T,  x) follows (Levelt Sengers, 1991): 
From the expansion of the classical molar Helmholtz free 

which is Eq. 22. 

where 6u = ( u - u,) , A,  = ( 8 A  18s) and the (sub) superscript c 
denotes solvent's critical conditions. Consequently f l  ( u ,  T,) 
might show an extremum at u l ,  that is, in the neighborhood 
of the solvent's critical volume if: Appendix C: Derivation of Eq. 27 

Equation 26 can be greatly simplified by noting first that 
+? exp[pt$ ( P -  p;)] is a quantity of order one while b2 changes 
several orders of magnitude in the region of interest, and sec- 
ondly, that for dilute mixtures we have (Debenedetti and Ku- 
mar, 1986): that is: 

where we keep only first-order terms in u or 6v. Then: 
where the superscript LS indicates limit of stability, and 
(Chialvo, 1993a) 

Recalling that the coefficients of the Taylor expansion are 
A = - (A:,.JP,) and C= ( UJS~, .~ /P, )  (Kumar and Johnston, 
1988), we have that as ( - AZJA';,) approaches u,, the differ- 
ence ( A - C )  approaches zero (see Eq. 13) of Kumar and John- 
ston (1988). 

Likewise, we can write the following expansion: 
Therefore, from Eq. C l  we have that 1 >(4/4,") > e - '  (De- 
benedetti and Kumar, 1986) so that by invoking Eqs. 10 and 
16 we have: 

so that the conditions for an extremum at u2 in the vicinity of 
u, are: 
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(2) = -2PCu(A&++.4S,6v) -P,dA$,=O (D6) 
i 

that is: 

and then: 

($)o= --3PPS, 

Note that as ( - U~,,/AS,) approaches u,, the difference ( A -  
2C) approaches zero (see Eq. 14) of Kumar and Johnston 
(1988). 

In general A:,, and AS, have different signs: A;,>O and 
A;,<O for nonvolatile solutes whereasAG,<O andAS,>O for 
volatile solutes (Rozen, 1969; Fernandez-Prini et al., 1992). 
Therefore, for attractive mixtures, that is, A;,>O, f, ( u ,  T,) 
andf2( u, T,) might show a minimum at uI and u2 in the vicinity 
of u, when ( - A;,/AS,) = u, and ( -  2AG,/A;,) = u,, respec- 
tively. Obviously, both conditions cannot be satisfied simul- 
taneously at the solvent’s critical point, that is, u1 = u2= v,, 
because from Eqs. D3 and D7 we must have: 

U I  =0.7502 (D9) 

From Figure 21 we have p I =  l,’ul=0.26 and p2= l/u2=o.23 
so that ( u , / u 2 ) = 0 . 8 8  (= 17% greater than that predicted by 
Eq. D9), which might indicate that a better prediction can be 
achieved by including higher order terms in Eqs. Dl-D9. 

In summary, if we assume that either A-C=O or A-2C=0 
along the critical isotherm we cannot expect density inde- 
pendency for either ( @ U ~ / K )  or (/3U,”/prc)-even though 
In 9: = / 3 ~ ; ~ ~ ( p ,  T )  might show a quasi-linear dependence with 
In (p/p,)-because at such conditions both functions for at- 
tractive systems (A;,>O and A;,,,<O) show a minimum in the 
vicinity of the solvent’s critical density. 

Appendix E: As mptotic Properties of the Direct 
Correlation Functon 

In this appendix, we present some results concerning the 
exact asymptotic behavior of the direct correlation function. 
For the sake of notational simplicity, we will present the results 
for the pure solvent (no solute) case only. For mixtures, similar 
relationships will hold, since all the total correlation functions 
in a mixture have a common correlation length (defined below). 

As the critical point of a pure fluid is approached, the total 
correlation function becomes long-range. In fact, in the vicinity 
of the critical point we can write: 

where C; is the correlation length (a measure of the range over 
which molecules are correlated) and q is a critical exponent. 
Since C; diverges (E - 00) at the critical point (characterized by 
the critical temperature T, and critical density pc): 

Thus, the total correlation function becomes long-range and, 
in particular, jh ( r )dr -  00. However, from the Ornstein-Zer- 
nike equation it is evident that at the critical point jc(r)dr is 
finite, and in fact jc(r)dr-l/p,, so that in particular c ( r )  is 
rigorously finite ranged at the critical point. It should be noted, 
however, that just because the direct correlation function is a 
short-range function does not mean it is in some way insensitive 
to the approach to the critical point. In fact, jc(r)dr has its 
maximum value at the critical point and its asymptotic form 
changes as the critical point is approached. Groeneveld and 
Stell (1977) showed that the asymptotic form of the direct 
correlation function away from the critical point is given by: 

+ A 3 h 3 ( r ) + .  . . as r - -m ( E 3 )  

where A2,  A22, and A3 are state dependent coefficients, u ( r )  
is the intermolecular potential, k is Boltzmann’s constant, T 
is the temperature, and the ellipsis indicates that the higher- 
order terms are dominated by the terms shown. Given the 
exponential damping of the total correlation function away 
from the critical point indicated in Eq. E l ,  the leading term 
in this asymptotic expansion is: 

c ( r ) -  - 

At the critical point, the asymptotic form of the direct cor- 
relation function changes because the coefficient A2-0  and 
because the long-range nature of the total correlation function 
changes the ordering of the higher-order terms in Eq. E4. The 
result is (Stell, 1977): 

c ( r ) -  -- U ( r ) + D h s ( r )  as r-00 at T,.. pc ( E 5 )  kT 

where D is a constant and 6 is a critical exponent (equal to 4.8 
experimentally and to 3 in classical theories such as engineering 
equations of state). 

The main conclusion from the results presented here is that, 
rigorously, c ( r )  is finite-ranged at all points in the phase dia- 
gram since jc( r)dr< 00 everywhere (though higher moments 
of c ( r )  will in general not be finite at the critical point). Hence, 
defining a quantity in terms of direct correlation functions is 
a demonstration of the finite range of that property. This does 
not mean, however, that such a property is insensitive to the 
approach to the critical point. As is clear from the analysis of 
this appendix, the direct correlation function changes as the 
critical point is approached so that properties expressed in 
terms of direct correlation functions will exhibit near critical 
effects (though in general of a less singular nature than those 
defined in terms of the total correlation functions). Moreover, 
a very accurate model based on the formalism described in 
this article (for example, one which predicted nonclassical be- 
havior in thermodynamic properties) would need to take these 
changes into account. 

Manuscript received May I I ,  1993, and revision received Oci. 8, 1993. 

AIChE Journal September 1994 Vol. 40, No. 9 1573 


